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1. TNTR~DUCTION 
L.etf(zf = C,“=, a,,~” be an entire function and let M(r) = max,,, =, If(z)1 
denote its maximum modulus. If 
,im 1oglogWr) o 
T--t% log r = 
then f(z) is said to be of zero order. Following Shah and Ishaq [4], we 
define the logarithmic order p off(z) as 
lim sup log log M(r) = 
log log r ” 
l<pbCCI. 
r-x (1.1) 
For entire functions having logarithmic order p satisfying 1 -C p < co, the 
logarithmic type T and lower logarithmic type I are defined as 
(1.2) 
If 0 -C t = T-C ou then f(z) is said to be of perfectly regular logarithmic 
growth. 
Let IL,,, denote the class of all real polynomials of degree at most m and 
let x,,, denote the class of all rational function rm,n where 
For an entire function fsuch that ,f(x) is real andf’(x)#O for .XE [O, co) 
we set 
(1.3) 
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For entire functions with non-negative coefficients, Meinardus and Varga 
[ 11, Reddy [2,3], and others have obtained some estimates of the 
Chebyshev error &. Thus if 0 < t < T< cc then [2, Theorem 7’1 
lim sup (&,)nm ““” ” < 1 (1.4) n - T 
and [3, Theorem 21 
lim sup (&,l)nm”“‘+” > exp (P-1) - 
,I + x P(PT) 1 
lib-11 (1.5) 
From (1.4) and (1.5) it is evident that the lower logarithmic type t does not 
play any part in the estimates of A,,, although t > 0. Further, (1.4) gives a 
very rough upper bound. 
In this paper, we obtain some estimates of i,,, which improve and 
generalize (1.4) and (1.5). We shall be making use of the following result 
[S, Theorem 31: 
THEOREM A. Let f(z) = C,“=O a,z” be an entire function of logarithmic 
order p ( 1 < p < CQ), logarithmic type T, and lower logarithmic type t, 
0 -C t d T c CG. Then for any arbitrarily small E > 0, 
ia,,]““<exp[ - @$){-&--}“” “1 (1.6) 
for all large values of n and there exists an increasing sequence {n,} of 
positive integers satisfying 
(1.7) 
where x1 and x2 are respectively the smallest and largest roots of the 
equation 
(p-l)x”-px’P1++o (1.8) 
such that 
la,J’l”p>exp [-(~){--$-}“‘“Pi)] 
409/129/l-10 
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2. RESULTS 
We now prove our first result. 
THEOREM 1. Let f(z) =CFzO a,z” (a, 20) be an entire function of 
logarithmic order p (1 < p < co), logarithmic type T, and lower logarithmic 
type t (0 < t < T< 00). Then, for s,(x) = C; =0 akxk, 
lim sup (gn)n-P”p-” 
n-cc 
where g, = sup0 <.X <e 1 l/s,(x) - l/f(x)1 for n sufficiently large. 
Proof For an entire function ot identically zero, there exists a positive 
integer n* such that 0 <s,(x) <f(x) for all x > 0 and all n 2 n*. Hence 
1 
O<--I 
s,(x) f(x) 
=ckm_n+l akXkG%n+I akxk 
s,(x) f(x) 
x > 0, nan*. 
Given any E > 0 and arbitrarily small, we have, from (1.6), 
O$a,<exp[ -($){A}“+“I, Vk>n,(E). 
Hence we have, for all n >C=max(n*, no), 
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Let us take 
Then we have 
1 0<--1 
G) f(x) 
<xH+l exp[ -(P-j ‘)~~T+:I}“(p~‘)+{pnT+:E}l’(n-‘)] 
s:(x) [exp {-$$}“‘ppl)-x] ’ 
Further taking 0 <x < exp{n/(pr+ E) > IICP-‘), we have, for n > no(&), 
O&-L 
&l(x) f(x) 
Now 
s;(x) = 2 b,j,,xJ, 
j=O 
3b x”+’ n+ 1,n 
Let n =2nP- 1, where (n,} is the 
from (1.9), we have 
Hence 
b 
r 
where bj,“= i akajek, 
k=O 
for all x > 0. 
sequence defined in Theorem A. Then 
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for all large values of n, where n = 2n, - 1, and for all x < 
exp[n/(pT+s)]l’(PP1). 
Now let x > exp[n/(pr+ &)I”@ ‘). For n = 2n, - 1, p >p&) we have, 
using (1.9) 
1 1 0<--&1<- 
s,(x) f(x) s,(x) a+x” 
Comparing the right-hand-side expressions in (2.2) and (2.3), we see that 
the bound obtained in (2.2) is larger. Hence we have, from (2.2), taking 
limits as p --* co, 
lim sUp[gZnpP 1](11(2np- lV’(pm ‘)
P-x 
P-1 fexp - L( )i 
1 1 
(2pt)mJ ‘r(pT)‘Iw) II . P (2.4) 
To extend (2.4) for all values of n, we notice that g, Q g, for m 2 n > n,. 
For large n, we choose n,, such that 2n, - 1 6 n 6 2n, + I - 1. Then 
Using (1.7), we get 
lim sup (g,)“@““ml’ 
PI - m 
This proves Theorem 1. 
THEOREM 2. Zf f(z) satisfies the conditions of Theorem 1 then 
lim inf (gn)n~p”“~‘) 
n-02 
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Proof: From ( 1.2), we have, for r 2 x > x0(e), 
Now 
0 <f(x) <f(r) d M(r) < exp[( T+ E)(log r)“]. (2.6) 
1 -_i=~~==.+Iakxkga.,+,.x”+‘, 
-y,(x) f(x) f(x) s,(x) f'(x) 
vx>o. 
For n = n, - 1, we have, from (1.9), 
1 1 --- 
J,,(X) .f(x) 
for n = n,, - 1, p >p,,(~), and x > X”(E). If we choose x so that 
(log x)(’ ’ = nP 
2p(T+ e)’ 
then these values of x are compatible with the condition x > ~~(8) for large 
values of p. Hence we have, for n = np - 1, 
1 1 --- 
s*(x) f(x) 
Hence 
1 1 
(2~7') 
Ll(P - I) - 
(Pt) 
Il(P- 1) (2.7) 
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As in Theorem 1, we can extend (2.7) to get 
This proves Theorem 2. 
From Theorems 1 and 2 and inequalities (2.4) and (2.7), we get 
COROLLARY 1. Let f(z) satisfy the conditions of Theorem 1. Then 
< lim inf (g,)“-“““m” 
n-m 
1 1 
cw) I/(/J ~ I) - (pT)‘“P- 1) ’ 
(2.8) 
and 
1 1 
(2~73 
ii( 
(Pt) 
Il(P- 1) 
< lim sup (g,,)“-““-” 
n-rcc 
Now combining (2.8) and (2.9) we have 
COROLLARY 2. For an entire function f(z) of logarithmic order 
p ( 1 < p < c/3 ) and perfectly regular logarithmic growth (0 < t = T < co ), 
having non-negative coefficients, we have 
= exp (PT)‘/‘P- 1) c (P- 1)/P (1 -2-‘/(p-l) 
From the definitions ofA,,., and g,, it is clear that 
(2.10) 
(2.11) 
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where n* is some finite positive integer. Hence from (2.9) we have 
lim sup (&,)n@i’pm” 
n-cc 
For entire functions with T < 2t, this gives an upper bound for i,., which is 
much sharper than the bound obtained by Reddy [2, Theorem 7’1. In par- 
ticular, if T= t, then from (2.12) we see that the upper bound increases as 
T increases, approaching unity as T+ CO. 
In the end, we obtain a lower bound for &n, for which Theorem A again 
plays an important role. We prove 
THEOREM 3. Let f(z) satisf>J conditions of Theorem 1. Then 
lim inf (~o,,,)Il-p.‘i’- ” 
II + % 
1 1 (x*/x,)~“(~‘- I) 
(W) Il(P - 1) -(2~77 Il(p - 1 I - (Pt) I/(p- I) . 
Proof. Let us suppose that 
lim sup (&,,)fl~““‘~” < l/q, 
II - K 
q > 0. 
Then for n > n,,(q), we have 
( &,z) < q ~ ‘?” I”~ I’. 
In view of (2.9) and (2.1 l), it is sufficient toconsider only those values of q 
such that 
where E > 0 is arbitrarily small. We shall denote the expression on the right- 
hand side by exp(K). Let us choose r so that 
T( 1 + s)(log r)O = Knp”y - ’ I, (2.14) 
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denoting such values of r by r = cr(n). Then for n >n,(q), from (2.6) we 
have 
,f(x) < exp(Kn”‘(J’ I’) < q”““’ ‘I < (&) I, (2.15) 
for Odx<a(n) and n>n,. 
Now let P,T E rr,, be the polynomial which gives the best approximation 
in the sense of (1.3). Then we have from (1.3) 
-f2(4 <P:(x)-f(x)6 f'(x) 
(&,n) ' +.fb) (n",,,)-' -f(x)' 
Hence from (2.15) we have for n > n, and 0 < x < cc(n) that 
.f ‘(,y) 
IK(x)-f(x)1 6 (],,,,)  _ f(,y). 
Since the right-hand side of the above inequality is a monotone increasing 
function of x, we have from (2.15) that 
IP,T(x) -f(.xll 6
exp[ 2KnP’(” ~ ’ )] 
(&,l)p ’ - exp[ZWI+ “1 
Next, let 
E,, = inf 
‘n Enn VIZ> 0. 
Then from (2.16) we have, for all n > n,, 
E, < 
exp [2KnPICP ’ ‘1 
(;lo,n)~‘-exp[Kn”““~‘)]’ 
Further, proceeding as in [ 1, p. 3081, we can prove that 
Now from (1.9), (2.17), and (2.18) we have, for n=n,, 
(2.16) 
(2.17) 
(2.18) 
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or, using the value of a(n,) from Eq. (2.14) and simplifying, we get 
(I~,,,,) -’ <2(2”p+2)exp 2K(n,)“““- ‘I+ 
i 
(PI){ @2$&Y}““-- “1 
for p > ~~(8). Hence 
The above inequality can be extended as in Theorem 1 and we obtain, on 
substituting the value of K, 
lim inf (&,l)” ““’ ” 
II - 7 
1 1 (.Y2/.Y,)~’ ‘f ” 
(2P?) 
I/(,, I)- (2pql/(” I)- (Pt)“‘” ‘1 . (2.19) 
This proves Theorem 3. 
Remark. Comparing (1.5) and (2.19), we see that Theorem 3 
generalizes and improves upon the lower bound obtained by Reddy [3, 
Theorem 21. In particular, iff(z) is of perfectly regular logarithmic growth, 
i.e., T= t and X, =x2, then (2.19) leads to 
lim inf (&,,)‘l “I” -” 3 exp (P-l) - 
n 4 r P(PT) 1 I,($' I) ' (2.20) 
while in (1.5), the left-hand side gives the lower bound in terms of lim sup. 
Thus from (2.10), (2.11) and (2.20), we get the following estimates of (I+,,) 
for entire functions of perfectly regular logarithmic growth: 
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